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Abstract 
The paper deals with manipulator end-effector position control. At first the problem of inverse kinematics is introduced. The dynamic 
model of manipulator by Euler – Lagrange method is derived. In order to achieve required end-effector position the feedback control 
method is introduced for non-linear differential equations system. In the conclusion all mentioned methods are demonstrated on 2 DOF 
planar manipulator.   
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Nomenclature 
c distance between origin frame and end-effector position 
xE end-effector position on axis x 
yE  end-effector position on axis y 
q joint variable 
L Lagrangian 
L1 length of link 1  
L2  length of link 2  
C Coriolis and centripetal matrix 
D matrix of friction 
I moment of inertia 
J Jacobian matrix of manipulator 
K kinetic energy  
M matrix of inertia 
N gearbox reduction ratio 
P potential energy  
Į auxiliary angle 
ȕ auxiliary angle 
1ϑ  rotation of link 1 
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2ϑ  rotation of link2 
Ĳ torque 
1. Introduction 
In many filed of environments there are required remotely servicing tasks using manipulators or redundant mechanisms. 
For accurate and reliable operations with manipulators it is important to manage their control in workspace what is not 
always easy task. 
A manipulator is highly coupled non-linear system difficult from the view of control. The manipulator torque control is a 
field of ongoing research because of high use of manipulators in practical applications. The combined effects of kinematic 
structure, axis drive mechanism design, and real-time motion control determine the major manipulation performance 
characteristics like reach and dexterity, pay load, quickness, and precision. The manipulators are controlled by specialized 
multiprocessor computing systems that provide four basic processes allowing integration of the robot into an automation 
system namely motion trajectory generation and following, motion integration and sequencing, human user integration, and 
information integration. Industrial manipulators are basically positioning and handling devices, therefore useful manipulator 
is one that is able to control its movement and the interactive forces and torques between manipulator and environment. To 
manipulator control is required mathematical model of manipulator, which is obtained from the basic physical laws 
governing its motion. As mathematical model are used kinematic and dynamic model. For kinematic model description is 
used direct or inverse kinematic of mechanism. For dynamic model are most frequently used Newton – Euler or Euler – 
Lagrange method. Both kinetic and dynamic models are used to design, simulate and control of manipulators. [1][2]  
In the paper are introduced the inverse kinematic problem, dynamic model, trajectory planning and joint position control 
method. In conclusion the simulations were done in order to demonstrate stated methods. 
2. Kinematic model of manipulator 
The problem of inverse kinematics (Fig. 1) is to find the joint angles, in order to reach required end-effector position. The 
inverse kinematics is much harder than forward kinematics, computationally expansive and it takes a long time in real time 
control manipulators. In general, usually only in a few cases there are analytical solutions. For determining a joint angles 
there are used two approaches namely geometric solution approach and algebraic solution approach. In our study the 
geometric solution approach is used. [3] 
a)     b) 
Fig. 1. (a) Workspace of 2 DOF manipulator (b) Two possible solutions of end-effector position 
Consider that required end-effector position is E (xE;yE).  
2 2
E Ec x y= +
                                                                 
(1) 
( )tan 2 ,E Ea y xα =
                                                                 
(2) 
( )2 2 2 21 2
2
1 2
cos
2
E Ex y L L
a
L L
ϑ
ª º+ − +« »= « »¬ ¼
                                                                 
(3) 
686   Ivan Virgala et al. /  Procedia Engineering  48 ( 2012 )  684 – 692 
2 2 2
1 2
1
cos
2
L L c
a
L c
β § ·− += ¨ ¸© ¹
                                                                 
(4) 
1ϑ α β= −
                                                                 
(5) 
Now both needed angles 1ϑ and 2ϑ  are expressed. Above mentioned equations will be used in section 6. 
3. Dynamic model of manipulator 
The dynamic model of planar manipulator by means of Euler – Lagrange method is derived. The Euler – Lagrange 
equation is expressed as 
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where ȥi is non-conservative generalized forces performing work on qi, qi is a joint variable defined in joint space Ρn and L 
is Lagrangian function defined as 
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where K and P are kinetic and potential energy of manipulator, respectively. In general, kinetic energy of rigid body is 
expressed as [4] 
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Where i
−
I  is a moment of inertia of i-th link. The potential energy of whole manipulator can be expressed as 
1
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(11) 
where Cip  is center of mass position. In order to determine kinetic and potential energy one needs obtain Jacobian of 
manipulator, which expresses relationship between the joints and end-effector velocities and relationship between forces 
applied on the environment by manipulator. For Jacobian determination is used geometric Jacobian, defined as 
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where z0, z1 are rotational axes and p2, p1, p0 are origins of frames. 
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Now, kinetic energy can be expressed as 
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The potential energy is expressed as 
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For planar manipulator one obtains two following differential equations  
                 
( )
_ _ _.. ..
2 2 2 2
1 1 2 1 2 1 2 2 2 2 1 2 2 1 2 2 2 2 21 2
2
. . .
2 2 1 2 2 2 1 2 2 1 1 1 2 1 12 1 2
.
2 2 1 2 1 1
1 1 1 1
cos cos
4 4 2 4
1 1
sin sin cos cos
2 2
1
cos
2
m L m L m L L m L I I q m L L m L I q
q m L L q m L L q q m gL m gL
m gL b q
ϑ ϑ
ϑ ϑ ϑ ϑ
ϑ ϑ τ
§ · § ·
+ + + + + + + +¨ ¸ ¨ ¸© ¹ © ¹
+ − − + +
+ + = −
                 
                               
(19) 
688   Ivan Virgala et al. /  Procedia Engineering  48 ( 2012 )  684 – 692 
                                 ( )
_ _.. ..
2 2
2 1 2 2 2 2 2 2 2 21 2
2
. . . . .
2 1 2 2 2 1 2 2 2 1 2 21 2 1 1 2
.
2 2 1 2 2 2
1 1 1
cos
2 4 4
1 1 1
sin sin sin
2 2 2
1
cos
2
m L L m L I q m L I q
m L L q q m L L q m L L q q
m gL b q
ϑ
ϑ ϑ ϑ
ϑ ϑ τ
§ · § ·
+ + + +¨ ¸ ¨ ¸© ¹ © ¹
§ ·
− − − −¨ ¸© ¹
+ + = −                             
    
(20)
The equation (19)-(20) can be expressed as  
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where Ĳ, ( )M q , ,§ ·¨ ¸© ¹
.
C q q , Dand ( )g q  are joint actuator torque, inertia matrix, Coriolis and centripetal matrix, joint 
friction matrix and vector of gravitational forces and torques, respectively.    
4. Trajectory planning of manipulator 
Trajectory planning works with spatial defined curves. In our case trajectory of manipulator is derived by means of cubic 
polynomial. A cubic polynomial has four coefficient by which are satisfied position and velocity constraints. The cubic 
polynomials for manipulator joint position and velocity are [5] 
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The constraints for joint position and velocity are
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5. Joint position control 
Considering DC motor with gearbox at manipulator joint, we can write following equations 
=mq Nq
                                                                 
(26) 
1−
=mĲ N Ĳ
                                                                 
(27) 
where qm and Ĳm are position and torque of DC motor output shaft and q and Ĳ are position and torque of joint. N is a 
diagonal matrix of reduction ratio, with elements >> 1. It should be note that matrix M(q) consists of both constant elements 
and variable elements what can be written as  
  
( ) ( )= + ΔCM q M M q
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Substituting equations (26) – (28) into (21), one obtains 
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where d is considered as disturbance affecting the system. The matrix d is defined as 
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The block diagram of the manipulator is on the Fig. 2 shown.  
     
Fig. 2. Block diagram of the manipulator divided into linear and non-linear system 
As can be seen on the Fig. 2, the system is divided into two sections. The first is linear system and the second is non-
linear system. The goal of manipulator control is reach required joints positions while the disturbance d affects linear 
system. This type of control is specific for cases when reduction ration N>>1, what will be in the next section shown. [4] 
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6. Simulations and results 
Above mentioned methods will be demonstrated by means of simulations in Matlab / Simulink. Consider 2 DOF planar 
manipulator with length of links L1=1 m and L2=0,8 m. Next consider that required end-effector position is xE=1 m and 
yE=1,2 m. From the equations (1) - (5) one obtains 1ϑ =23,8649º and 2ϑ =60º. 
Considering that t0=0 s, tf =15 s and initial position of end-effector is [1,8;0] (it means 1ϑ = 2ϑ =0º), the constraints for 
first and second joint are 
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From the equations (25) we can obtain values of first link coefficients a0=0; a1=0; a2=0,3182; a3=-0,0141. For the second 
link we obtain a0=0; a1=0; a2=0.8; a3=-0.0356. The trajectories of first and second link are on the Fig.3 shown. 
a)     b) 
Fig. 3 Position and velocity of the first (a) and second link (b) 
For trajectories following (Fig. 3) are used PID controllers with constants KP1=11.9014; KI1=1.3252; KD1=8.9314; 
KP2=1.5763; KI2=0.0848; KD2=2.0784. Determination of controllers constants is out of range of this paper. The simulations 
were done for reduction ratio N=20.  
The simulations results are on the Fig. 4  and Fig. 5 shown. 
a)     b) 
Fig. 4. Comparison required joint position with (a) first joint position and (b) second joint position
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a)     b) 
Fig. 5. Torque at (a) first joint and (b) second joint  
a)     b) 
Fig. 6. Disturbance affects the first (a) and the second joint (b) with different values of reduction ratio N 
     
Fig. 7. Simulation of joints position control 
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From the Fig. 6 is obvious that the reduction ration N is closer to the value 1, the higher disturbance d is. In order to 
manage linear system control, the disturbance should be minimized therefore this kind of control cannot be used for a direct 
coupling between actuator and joint.  
On the Fig. 7 the joints motions course is shown in order to reach the required position (red circle). On the one hand the 
end-effector positioning will be more accurately the quicker reaction controller will has. On the other hand there can arise 
unfavorable phenomenons like actuator saturation.  
7. Conclusion 
In the paper are demonstrated manipulator inverse kinematic, dynamic model and trajectory following of manipulator 
joints in order to joint position control for required end-effector position. By means of Euler – Lagrange method the 
dynamic model of manipulator is derived which is represented by two each other coupled non-linear differential equations. 
The equations have to be decoupled and divided into two system – controlled linear system and non-linear system which 
represents disturbance. On the example of 2 DOF planar manipulator is demonstrated that this type of control can be use for 
cases when there is no direct coupling between actuator and joint what is through the simulations proven. So by this way of 
control can be each joint controlled independently.
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